A NOTE ON EQUICONTINUITY OF FAMILIES OF 
OPERATORS AND AUTOMORPHISMS 



ORR SHALIT 

Abstract. This note concerns uniform equicontinuity of families 
of operators on a separable Hilbert space H, and of families of 
maps on B{H). It is shown that a one parameter group of au- 
tomorphisms is uniformly equicontinuous if and only if the group 
of unitaries which implements it is so. A "geometrical" necessary 
and sufficient condition is given for a family of operators to be 
uniformly equicontinuous. 



1. Introduction 

In this note, we record a few results about uniform equicontinuity 
of families of operators on a Hilbert space H and of families of maps 
on B{H). The motivation for this study was an attempt to prove 
a "commutant lifting" theorem regarding an E-semigroup and a CP- 
semigroup that commutes with it (see [3] for more details). The results 
that we obtained were actually of a negative type, in the sense that 
they showed that the methods which we intended to use in order to 
prove this "commutant lifting" theorem cannot work. However, we 
believe that the results obtained in this study are interesting in their 
own right. 

Throughout, H will denote a separable (unless stated otherwise) 
Hilbert space, Bi will denote the closed unit ball in B{H), and Hi will 
denote the closed unit ball in H. 

Let {hi}°Z-^ be a dense sequence in Hi. The weak topology (and also 
the cr-weak topology, because these two coincide on Bi) is induced by 
the metric 

When we discuss notions of uniformity in Bi, we shall always mean 
the uniformity induced by this metric. A uniformity is also induced on 



Date: May 12, 2007. 



1 



2 ORR SHALIT 

Hi by the metric 

(2) p(x,y) = f: '^^'^f^-^' , x^yeHi. 

1=1 

We shall once consider also non-separable H, and then the uniformities 
are given by the connectors 

(3) {ix,y) EHixHi: \{x-y,Zi)\ < e , 2 = 1, . . . , iV} 
for Hi, and 

(4) {iA,B)eBixBi : \{iA - B)wi, Zi)\ < e , t = 1, . . . , N} 

for Bi, where Wi, Zi E Hi, N E N and e > 0. When H is separable, 
these uniformities coincide (that is, (E]) with the ones given by the 
metrics, because Hi and Bi are compact, and the uniformity for such 
a space is unique [5]. 

Recall the notions of equicontinuity (henceforth EC) and uniform 
equicontinuity (henceforth UEC). In the setting of a family JF of maps 
in a metric space {X, d), the defitions are as follows: 

EC : Vx e X, e > 036 > O.V/ e J^,y e X.d{x, y) < 6 ^ d{f{x), f{y)) < e 

UEC : Ve > 036 > O.V/ G J^.Vx, y G X.d{x, y) < 6 ^ d{f{x), f{y)) < e 

Let us note that these notions are the same when one considers maps 
between compact metric spaces, (and probably also compact Hausdorff 
uniform spaces (which is what we have if H is not separable)). Here is 
the proof (for the metric case): 

Proof. Assume that JF is not UEC. We have sequences {/„} in T and 
{xn},{yn} in X, and some positive e such that d{xn,yn) < ^/n and 
d{fnixn), fniVn)) > C- Wc may assume that x„ ^ x G X. But then 
yn ^ X. Thus 

difnix), fniXn)) + d{fn{x), fniVn)) > d{fn{,Xn), fniVn)) > C, 

and is not EC at x. □ 



2. The results 

In the following propositions I shall make use of the following easy 
to verify fact: 

Fact. If andQ are UEC families of a uniform space onto itself, then 
jToQ ■={fog: f eJ^,geg} ts also UEC. 
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Proposition 2.1. Let H be an infinite dimensional (not-necessarily 
separable) Hilbert space. Let T <Z Bi. T is UEC if and only if the 
family {V'TjreT of continuous maps on Bi given by 

%1)t{A) = TA , AeBi 

is UEC. 

Proof. Assume that T is UEC. Let Xi, yi G i^i, i = 1, . . . ,N, and e > 
be given. To show that {ipT}Ter is UEC, we must find Zi, Wi G Hi, i = 
1, . . . , M, and S > such that for all A,B ^ Bi and T & T, 

(5) \{{A-B)z,,Wi)\<5 , ^ = 1,...,M 
implies 

(6) \{{TA~TB)x„y,)\<e , t = l,...,N. 
Let S and Uj & Hi, j = 1, . . . , K he such that 

\{^-r],Uj)\ <6 , j = l,...,K 

implies 

\{T^-Tri,y,)\<e , i = I, . . . ,N , T e T . 

Taking M = max{A^, i^'} and {zi} = {xi},{wi} = {uj}, with repiti- 
tions if needed, we have that ([5]) ^ (j6]). 

Now assume that {4't}t<^t is UEC. Let e > and a unit vector 
y & Hi he given. Let Zi,Wi E Hi,i = 1, . . . , N and 5 he such that 

(7) V2. 1 ((A - S)^,, I < 5 ^ VT G r . I (T(A - B)y, y)\ < e. 

We may assume that, up to repititions, the linearly indepen- 

dent (by throwing away a few of them and perhaps making 5 smaller). 
By applying a linear transformation, we may also assume that the 
{zi} are orthonormal. We distinguish between the two cases y G 
spanjzi, . . . , Zfq} and y ^ spanjzi, . . . , zn}- 

Assume first that y G spanjzi, . . . , ^at}. Since we have already 
messed with the ^i's, we may as well assume y = zi. For any ^,ri E Hi, 
we define A,BeBi by Azi = ^, Bzi = rj and zero on the complement. 
Now if |(^ — ri,Wi)\ < 6 for all i, then \{{A — B)zi,Wi)\ < 6 for all i, 
from which it follows that for all T E T, 

e>\{TiA~B)y,y)\ = \{Ti^-r^),y)\. 

Assume now that y ^ span{zi, . . . , ^at}. In this case, we may clearly 
put zat+i = y,WN^i = 0, and the implication in equation ([7]) still holds 
(and is not void), so we are back in the case already considered. □ 
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Proposition 2.2. Let H he an infinite dimensional (not-necessarily 
separable) Hilbert space. Let T C Si. T* is UEC if and only if the 
family {^tItgt of continuous maps on Bi given by 

(I)t(A) ^AT , AeBi 

is UEC. 

Proof. The proof follows from the identity 

using the fact that A t-^ A* is weak operator continuous, hence uni- 
formly weak operator continuous, and the fact stated before the previ- 
ous proposition. □ 

Theorem 2.3. Let {ut}teR be a one-parameter unitary group in B{H), 
and let {at}teR the group of automorphisms of B{H) implemented by 
{ut}tm- Then {ut}teR is UEC if and only if {at}t&. is UEC. 

Proof. If {ut}t&R is UEC, then by the above propositions so are the 
families {0uJteR and {i}ut]tm- Then the family {tput ° 0«Jt,sGR is 
UEC, and in particular its subfamily {at}t&. = {^l^ut ° 0u_t}teK- 

Assume that {ut\teR is not UEC. Then (after making a few selec- 
tions) there is a sequence a;„ — a; in Hi and a sequence of real 
numbers such that Ut^Xn —>■ z and Ut^x —>■ w, with x ^ z. We define 
An = Xn<^ Xn and A = X <S) X. Then for all h,g & H, 

{Anh,g) = {{h,Xn)xn,g) 

= {h,Xn){Xn,g) 

{h,x){x,g) 
= {{h,x)x,g) 
= {Ah, g) 

so An A. But at„ {An) = Ut„ O (Xn ® Xn) O M*^ = {Uf^Xn) ® {Ut„Xn) ^ 

z ® z, while at„{A) = {ut^x) (g) {ut^x) w ^w. Thus, {atjtm is not 
EC at A. □ 

So the question of the UEC-ity of a group of automorphisms is equiv- 
alent to the question of the UEC-ity of the group of unitaries imple- 
menting it. Is it reasonable to expect that a group of unitaries be UEC? 
The following example shows that it is not. 

Example 1. Let S be the left shift on We reconstruct the metric 

on the ball of £^(Z) as follows. Let {a„} be some rapidly increasing 
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sequence of integers beginning with ai = 0. We organize the vectors hi 
from equation ([2]) such that ha„ = e„, and such that 

{hi, h2, . . . ,ha„} C span{e_n, e_n+i, • • • , e^-i, e„}. 

(See the proof of Theorem 12.41) Now it is clear that p{ek,ek+i) can be 
made arbitrarily small by taking k to be large enough, but p{S^ek, S''ek+i) > 
1/2. This shows that {S^}k& is not UEC. 

Example 2. Let Ut be given on 7r,7r] by multiplication with the 
function e**^. This is a continuous one-parameter unitary group with 
a bounded generator (multiplication by x). This group is not UEC 
because the subgroup {uk}kez is (unitarily equivalent) the shift from 
Example [T] 

In the following theorem we characterize familes of contractions that 
are UEC on Hi. 

Theorem 2.4. Let T G Bi be a family of maps on Hi. For every 
finite dimensional subspace V G H , let Py be the orthogonal projection 
on V. The following statements are equivalent: 

(1) For every finite dimensional subspace V G H, and every c> 0, 

dim{x eV^ ■.3T e r.\\PvTx\\ > c\\x\\} < oo. 

(2) There exists an orthonormal basis {en}'^=i such that for all n, 
and all c > 

dim{x G : 3T G T.\\Pf^Tx\\ > c\\x\\} < oo, 

where F„ := spanjci, 62, ... , e„}. 

(3) r zs UEC on Hi. 

Remark. By dim{x G V-'- : 3T G T.HPi/^^;!! > c||2;||} we mean that 
this set is contained in a finite dimensional space. It is not a subspace. 
Remark. This is quite an indirect way of proving that (2) implies (1). 

Proof (1) =^ (2) is true. 

(2) =^ (3). It is sufficient to prove that that T is EC at every point 
of Hi. Without loss of generality, we show this for the point 0. Let 
{hn} be a (norm) dense sequence in Hi and let {a„} C N be such that 
ttn y 00, e„ = ha„ for all n, and 

span{/ii, . . . , ha„} Fn 

(such sequences can be constructed by constructing 1/n-nets for F„). 
Let p be given by equation ([2]). Let e > 0. Take M such that 
J2k>aM < ^/^' ^^"^ ^ ^ ^/^- ^0 ^ be a finite dimen- 
sional space containing {x G F^ : 3T G T .\\Pp^jTx\\ > c||x||}, and 
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put G = Go V Fm. Choose N > M such that \\Pg{I - Pfj,)\\ < e/i 
(this is possible because / — Pp^^ — > strongly, and hence in norm 
on G because G is finite dimensional. Thus ||(/ — Pf^)Pg\\ 0, so 
\\Pg{I - Pfn)\\ also.). Take S < 2-«^ • e/4. We show that for all 
X e Hi, 

p{x, 0)<5^yTe T.p{Tx, 0) < e. 
Assume x & Hi, p{x, 0) < 6. Then in particular 

1=1 

which imphes ||-PF^a;|| < 5 • 2"^. Now, for all T eT, 

i=l i>aM 

1=1 

< \\PF^,Tx\\+e/4 

< \\Pf,,TPf^x\\ + \\Pf,,T{I - PfM\ + e/4 

< 5 ■ 2«- + ||P^^T(J - PfM\ + e/4 

< \\Pf^TPg{I - PfM\ + II^Fm^U - Pg){I - PfM\ + e/2 

< e/4 + c + e/2 < e. 

All inequlities above follow from our choice of constants, and from 
noting that (J - Pg)(/ - Pf^)x ± G. 

(3) =^ (1). We argue contrapositively. Let V be a finite dimensional 
subspace of H, with an orthonormal basis {ei, . . . , Cn}. Assume that 
there is some c > and and infinite orthonormal sequence {ek}k>n 
orthogonal to {ci, . . . , e„}, such that 

yk>n3TkeT.\\PvTkek\\ > c. 



Without loss of generality, we may assume that H = span{ei, 62, . . .} 
(set the elements of T to be zero on the complement and then throw it 
away). Define p as we did in the proof of (2) ^ (3). Then p(efe, 0) — > 0, 
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but 

I frri 7 



i=l 
n 

> ^ 



2* 



i=l 



^ 1 

\ i=l 

1 c 

— 2an " ^ ft /c II — ' 

thus, T is not UEC at 0. □ 

Corollary 2.5. Let U G Bi be a family of isometries (or of maps 
uniformly hounded below). For every finite dimensional subspace V C 
H , put 

U'\V) = {heH -.BU e U.Uh e V}. 

A necessary condition for lA to be UEC on Hi is that for every finite 
dimensional subspace V <Z H , 



Corollary 2.6. Let T G Bi be a family of maps on Hi. For every 
finite dimensional subspace V G H , put 

TiV) = {Th: h G H,T G T}. 

A sufficient condition for T to be UEC on Hi is that there exists an 
orthonormal basis {e„}„gN and a number K Gfi such that for all N G 

n, 

(8) T(span{e7v+i^, cn+k+i, • • •}) -L span{ei, . . . , e^}. 

Proof. For = 0, this is an immediate consequence of Theorem I2.4[ 
(2) ^ (3). Now let K > 1. Denote by Sr the right shift with respect 
to the basis {e^}. Then T' := S^T = {SfT}TeT satisfies ([H]) with 
K = 0, so r = ls;)^T must be UEC. □ 

Let us interpret Corollary 12.61 The corollary tells us that if there is 
an orthonormal basis S = {e„}„gN and a K G N such that for every 
T G T, the matrix of T with respect to S satisfies tij = for all 
elements above the i^'th diagonal, then T is UEC. This seems like a 
condition one could check. 
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The statement of Proposition 12.21 makes one wonder wether it pos- 
sible to have T (1 Bi UEC with T* not UEC The above condition 
makes it possible to draw an example. 

Example 3. Let 5*,. be the right shift in Since the family T = 

{^"jngN clearly satisfies the above interpretation of corollary 12.61 this 
family is UEC. With T* the situation is reversed (it maps infinitely 
many standard basis vectors isometrically into every finite dimensional 
space), thus it is not UEC. 

This example also shows that the assumption that T* be UEC in 
Proposition 12.21 cannot be replaced by the assumption that T be UEC. 
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